bepom\o/\ 720
Let P/?el():‘s,,/&,_] st LM@p) and LM(?) copnne,
Lem ( La(p), LMG) = LN p)-LM@)
Then  Slpa) PP=0
Post
We may acgsume. LU p) = LC(‘?’) =
(sne the adng weFReaet s @acdied okt n Sa) )
Write
p=LMP+p | g=LMlg)+ ¢
Then
o= LAGP- MNP g = (3-5)p- (p-P)¢
= P4-%p
Cléin, : rwu)bkg §Cp,7) = Meaoy ("““m‘)‘fl F?/’ m% Zfﬂ
Poof ofF Clam: 1€ not, the leading terms n pgFp camed), S0
(M ) W) =W FP) = LAGPp) = LMF) LRdp)
Since LM(p)/ LM(q) ac @prime It Rlows Tt~
L M(p) | LM p)
Bt +hy 5 inpoible smce  LMp) > LM(?)




NHere LM(S(pg))=MBILMG) or
LM (S(p.q)) = LGP Lm(p)
b not bofn!
So 1a  The SFviasn a\gommr\ we heve a dvason Sk)o
g= Sp, ) - LT [F)q»
= P#-Gp-vTly
=(F-6))g— ¢ = Pe-3
= F4-(G-u@)p = F-%p

Rcm}mg e argumat, we sc Hhe I~
‘}’L(' c}w»;mq algomﬁ)m 3)VCS a vngee Seq««c"a_
OF redsctons N

,f!o ;;7_ Pz
wath o LMp) s Lmip,) > LN Pz )> . -
and by LM(4,) > LN gp) > WNlgs) > -
B the wel 0cdemng poperty these segueacs
Mot femntt o PSS O and =0
for Some N/M Nence the dvigun aboﬂ/m, 9;\/{3
Sep®® =0



CLordlary 7.2
| 6‘35.9)—//953 < K Dev //*”] s a finde sef

Such thet &l gi,9,66, 9,79 here
le_ac%ng ‘}6’7\-&/ H‘U\ G’ (5 o (7obaer loz i

LOpr i
Poor
In &chbcrgc,.ss Crkron (Thr\, 7‘)%)%)\& order of The
Yele G is arbdrary, By Popsiion 720 we

hot.  for al g, g
gg ) (91, al/gl - - 91 - - 3)/'” 9_() —=.-.O
2 Ty, omiticd Q, onited

Esample. 722

Reo@enag e Yoplke 1S imporfent:

IF G=(yzry, ey 27) in deglor octr

Hren S(X‘}+3/ Z“'> = H'Z.q bt dvson algorthm

wihh e tpk G uses Lﬂgzg) =9% b wonple
3% = (‘-Z - 2%zl 2ty) +O(P)+ O 2% +

Hencc ’“(x@— ,?s“,yz—éj) =0
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POI Yw"‘if) compulativny  In SQFLC,M““‘

Tyt online sagecell . Sagemath.og
PO))MD(NGI hf\ﬂ.s
P.<xys= PobromaRng (QR ocder="deyler’ )

pOlyno Mial s
plz 2» x*3 —Hx =y

F2=YA2.*y — 2_*3"2-5-><

)deal $
T= P.ideal ( p1, p2)

'Caémﬁ Terms Jecdng  noromial & lasdng weFhaeqs
pl.LE() p’l.(,mL) P1.Lc.()

pre—implamenied  Buch bergo—

from Sage.cings. polnomal. foy _bochbemers  impar™ >
Cet_ \/er‘bo>CL1>

bouch berger (T )
FB:SPO)(P1/ PZ> LM(P‘,Plj

fO)yhonw( reschion O‘O" hcccﬁﬂﬂ‘)/ polyno'mcl élwfw’))
p3. redoced [p1,¢2])
Mmore efficedt GASlbaer baﬁ‘s a;mpujanm

I. 9roe,bher___ basu()
tab-complction skttt in Sagecell 1 die(T)



Exanpe. 723

I;<P‘/FL? clx92&] i degrevier order

p=xz-gt  pp=x-=
A Grsbnen bas s 6= iPuPL,‘e},P‘wPS'j
P, = X‘Lj'z _ 23 fon  S(pe.)
P. = ’KSL‘“‘Z\* fon ‘g("!/h)
pe= -yt =€ fom S(p P
Rene

¢(LTCT) > = ule) >= <g"/ x3/ xzb"/ XE, Y_j“‘)
Cons.der
F= "L‘xlyz‘él k36432§
3 = XYy - C2t+x
Then  LTQ)=xygd T(C)> = J¢IL
LT{A)= Mxqylat e «LTb)> o posably Fel
Po\ynowa\ ()\\luum Show



Example 724
Find the Mminimum gnd Mmaximon
f = ¥’ 2xyz — 2% € Rbay, 2]

Valves OF

restricted = the Sphere
g = \(7‘4—31*21—’ =0
Method o F  Lagrange molfiphees:
Consider Crileal pombs of V‘p—i\_VQ

p, = 7’><l+23‘2. ~1ax =0
Pz<= e - Iy = O
Fg:7~<5—2z-lnz = O

=0

3 = yl “« :j 2 -+ 22 .__\
QMPU"C & C” ﬁjénc/* b‘rSn}' For
L= <P ,0L P3,3>C mzﬁ/ ’93,2] m te (e order,

Ve obtan &= fg,/ _,,/9,7} 3!\ch03

7_ 1763 .S &6SC <z 1)
= - + = - —
9= % 1S = s < s =

z( Z‘\)ZP’)(%‘§YZ+§>(EZ__ T)i'}

- z )
= Ay (x90e V(I) s 2=90, 5Lt 3 i—!‘_& ¢
Subsifuting Trese valug fo- 2 and wlving Hie

emaning Sydem 9= —~=9¢=0, w Fng
V(L) = {10 poahf Gu) @n ewlak Mmin £ necp



W&mm; t (7F5bncr Computohons  Mmay ke
U nreasondle  amoonts of memory and/or ‘hme_/
even wth Skt — of—the -art methods .

Example. 725" (Grsbne~ degree > input degree)

N+l = -
_L:< xf‘azn W/ kﬁ'\\‘%n

' degrevies oo
The RIued (yobne~ basis Walamy For example

r\l'—f'\

1
2" -y"w

n_, .n
, x2-Yw> nz|

Even worse Ffvﬂlo)ojlccl behavior Guq b fouad

fom  conbinchoral word Fmb)tn,j (Mq)r—/"\e;«cr )3&2,) :
L =< P, _, Prg ! li;ltgn>C@Zxé,/,7>ql,.,/14(4n]
Pu,.= X e p < F
Such thet @ Grobrer basis ]

Conteang elements of Jegrceﬁﬁzz



