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ABSTRACT. We consider the existence problem of lifting a smooth
contact map between Carnot groups to a smooth contact map be-
tween central extensions of the original groups. Our main result
is a necessary and sufficient criterion formulated using the pull-
back of any de Rham potential of the codomain central extension
2-cocycle: the Rumin differential of the pullback is in a linear im-
age of the domain central extension 2-cocycle. We also show a
necessary criterion using the Pansu pullback: the Pansu pullback
of the codomain central extension 2-cocycle and a linear image of
the domain central extension 2-cocycle are in the same Lie algebra
cohomology class. We prove that the latter criterion is sufficient if
the domain group is Lipschitz 1-connected, or if the pullback has
maximal weight among Lie algebra 2-cohomology classes.

1. INTRODUCTION

1.1. Contact equations and rigidity. A C'-map f: G, D U; — G5
between Carnot groups is a contact map if it preserves the horizontal
distribution. A contact map is smooth if it is C'*°-regular. We do not
require that contact maps have full rank, nor that they are homeomor-
phisms.

The contact condition leads to highly non-linear contact equations.
This makes the existence theory for contact maps delicate and leads
to rigidity phenomena on Carnot groups. The rigidity is highlighted
by a theorem by Pansu [Pan89: if there exists a full-rank contact
diffeomorphism (or, more generally, a quasisymmetry) between Carnot
groups, then the Carnot groups are isomorphic. Various authors have
contributed to related rigidity results, see for instance [AKO00D, Mag04,
WY14] for non-full rank and [CCO6, (OW11, KMX21b] for full rank
rigidity results.

Despite these rigidity results, there are powerful tools to construct
contact maps in special settings, see e.g. [KR95] and [Gro96]. The
lifting problem provides a further tool to generate contact maps.
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1.2. Lifting problem. Let V; — G; & H, and Vo, — Gy 33 H, be
central extensions of Carnot groups. Let U; C H; and U, C Gy be open
sets such that 7'('1(01) =U,. Amap F: U, — Gy isalift of f: Uy — H,
if my 0 F' = f om. That is, if the diagram

UlL)GQ

bl
U, L H,

commutes. If both f and F' are contact maps, we say that F is a
contact lift of f. The lifting problem asks for necessary and sufficient
conditions on the existence of a contact lift F' of f.

In this manuscript, we find analytic and algebraic characterizations
of the lifting problem.

1.3. Existence of contact lifts to central extensions. Central ex-
tensions can be understood in terms of 2-cocycles, i.e., closed left-
invariant 2-forms which determine the Carnot structure of the central
extension. Therefore the lifting problem is linked to the associated
cocycles. To formulate our main result, let V; — G; = H; and
Vo — Gy B H, be fixed central extensions of Carnot groups given
by 2-cocycles p; and ps, see Section [3| for details.

Consider any smooth potential for the 2-cocycle ps, i.e., a 1-form
as € Q' (Hy) such that dag = py. A natural path lifting criterion for
the existence of a contact lift can be rephrased in terms of (f o m)*as
and the Rumin differential d. in G;. By parsing d. through the central
extension V; — G1 — H;, we find our main characterization theorem.

Theorem 1.1. When U; C Hy is a simply connected domain, a smooth
contact map f: Hy D Uy — Hsy admits a smooth contact lift F: G1 D
7Y (Uy) — Gy if and only if there exists a linear map L: Vi — Va such
that d.f*ce = L o g, p1.

Here 7, : Q*(Uy; Vi) — E2(Uy; V) is the orthogonal projection to
the Rumin complex Ey(Uy; V;) acting componentwise on vector-valued
forms, see Section 2.3, We also note that d.f*(ay — an) = 0 if o, and
ag are different potentials for p, so the conclusion of Theorem is
independent of the specific potential we use.

The existence of lifts also poses a constraint that does not require
computation of the Rumin differential but instead relates the Lie alge-

bra cohomology classes of the extension cocycles via the Pansu pullback
f7 defined in [KMX21a].

Theorem 1.2. If Uy C H; is a domain and a smooth contact map
f: Hy D Uy — Hy admits a smooth contact lift F: G, D> 7 *(Uy) —
Ga, then fpps = @ o p1 + dow for some graded linear map ¢: Vi — Vs
and w € QY (Uy; V).
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Here dyw is the Lie algebra differential (also known as the Chevalley—
Eilenberg differential) of the form w, see Section In particular,
fpp2 = ¢ o p1 + dow implies that the Lie algebra cohomology class of
fpp2 is left-invariant.

1.4. Sufficient conditions for existence of contact lifts. As in
Section , let Vi, — G; B H, and V, — G5 33 H, be central exten-
sions of Carnot groups given by 2-cocycles p; and po, respectively. We
present two positive results where the criterion of Theorem is, in
fact, both necessary and sufficient.

The first is when the domain group is Lipschitz 1-connected.

Theorem 1.3. Suppose that fpps = ¢ o p1 + dow for a graded linear
map @: Vi — Vo and a 1-form w € QY(Uy;Va). If Hy is Lipschitz 1-
connected and Uy 1s simply connected, then f admits a smooth contact

lth F: Gy D 7T1_1(U1) — G.

The strategy of the proof is to convert the condition fpps = ¢ o
p1 + dow on 2-cocycles to the condition in Theorem using homo-
topies. Lipschitz 1-connectivity gives control on the diameter of the
area sweeped out by the homotopy. This is crucial when U is a proper
subdomain. Recall that H; is Lipschitz 1-connected if there exists
A > 0 such that, for every L > 0, every L-Lipschitz map v: S' — H,;
from the circle S' admits a A\L-Lipschitz extension u: D — H; to the
disk D.

The Carnot groups H; to which Theorem applies include the
Euclidean spaces, the Heisenberg groups H,, for n > 2 [AlI9S], the
Allcock groups [Magl0], and jet spaces J*(R") for k > 1 and n > 2
[WY10], and their direct products.

The second result is when the 2-cocycle on the target space has
large weight in comparison to the non-trivial 2-cohomology classes in
the domain.

Theorem 1.4. Suppose that frps = ¢ o p1 + dow for a graded linear
map p: Vi — Vo and a 1-form w € QY (Uy; Vy). If the weight of py is
equal to or greater than the maximal weight of non-trivial 2-cocycles in
the Rumin complex Ey of Hy and Uy is simply connected, then f admits
a smooth contact lift F: G1 D my ' (Uy) — Gb.

Theorem [L.4] utilizes the recent center-of-mass mollification due to
Kleiner-Miiller-Xie [KMX20] and standard properties of the Rumin
complex. The mollification is used to compensate the fact that in
general the Pansu pullback does not commute with the exterior or the
Rumin differential.

Theorem can be applied, for instance, to analyze lifts of con-
tact maps between real filiform groups. We recall that when the step
is at least two, the filiform group is not Lipschitz 1-connected. See
Example for further discussion.
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1.5. Lifting problem in the literature. In general, the geometry
of both the domain and codomain strongly affect the lifting problem.
However, when the domain is one-dimensional, there are no obstruc-
tions to existence of contact lifts, and the lifts are well-understood,
e.g., by control theory (see [ABB20) Section 8]). When the domain is
higher-dimensional, only special cases of the lifting problem have been
extensively studied in the literature.

Allcock’s seminal contribution in [AII98] to the Plateau problem on
higher Heisenberg groups was obtained by lifting a map D — R?" satis-
fying a Lagrangian condition to a Legendrian (contact) map I — H,,.
The lifting approach has been applied to the study of minimal La-
grangian surfaces [SW01] and in the context of Allcock groups [Mag10].

The lifting problem has also been used to generate quasisymmetric
mappings between Carnot groups. Capogna—Tang [CT95] studied lifts
of symplectomorphisms R?** — R?" to full-rank contact maps from H,,
onto itself. Later Warhust [War03] (in the smooth context) and Xie
[Xiel5] (without smoothness assumptions) classified quasisymmetric
automorphisms of a real filiform Carnot group of step at least three;
such a map can be understood as an iterated lift of a bi-Lipschitz map
R? — R2. The result is false in step two by the Kordnyi-Reimann
examples [KR85] [KR95).

We also mention that Balogh—Hoefer-Isennegger—Tyson [BHIT06]
considered contact lifts of Lipschitz maps R? — R? in the context of
iterated functions systems in the first Heisenberg group. Their meth-
ods led to the existence of horizontal BV surfaces in the first Heisen-
berg group which contrasts earlier results on the non-existence of Lips-
chitz surfaces by Ambrosio—Kirchheim [AK00b], Magnani [Mag04], and
Wenger—Young [WYT14].

1.6. Structure of the paper. Sections cover the basic setup. In
Section [2], we recall preliminary notions on Carnot groups, the Rumin
complex, and the Pansu pullback. In Section |3 we recall basic facts
about central extensions of Lie algebras and Lie groups, and adapt
them to the Carnot setting. In Section [4, we reduce the study of
contact lifts to central extensions that preserve the horizontal rank.
In Section [5, we characterize the existence of contact lifts in terms of
horizontal path lifting, and rephrase the path lifting condition using a
potential of the central extension 2-cocycle. In Section [0, we discuss
structural properties of contact lifts, including uniqueness and behavior
of the lift in the fiber direction.

Sections [7HI] cover the proofs of our main results. In Section [7} we
compute how the Rumin differentials of 1-forms transform in central
extensions of Carnot groups, and prove Theorem [I.1] In Section [§] we
study the connection between the Pansu pullback and lifts to central
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extensions, and prove Theorems [T.2] and In Section [0, we consider
the Lipschitz 1-connected setting, and prove Theorem [1.3]

Finally in Section [L0] we give examples of Carnot groups and contact
maps that do (not) admit contact lifts.
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geometry). S.H. was supported by the Research Council of Finland,
project number 360505. T.I. was supported by the Swiss National Sci-
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the Research Council of Finland, project number 332671.

2. PRELIMINARIES

2.1. Carnot groups. We recall the basic properties of Carnot groups.
We refer the reader to [LD17] for further details.

A Lie algebra g is stratified if it has a decomposition g = gll@- - -@gl*!
with [gl!), gi*] = gl*+1 for all k& > 1, where we denote gl¥/ = {0} for
k> s+ 1. A (sub-Riemannian) Carnot group is a simply connected
nilpotent Lie group G with a stratified Lie algebra g equipped with an
inner product on the horizontal layer gl'l. For considerations involving
the Rumin complex, we will need an inner product not only on the
horizontal layer gl!l, but instead on the whole Lie algebra g. We always
equip the Lie algebra of a Carnot group with an inner product for which
the layers gl! @ --- @ gl¥ are pairwise orthogonal. The homogeneous
dimension of G is Qg =Y 1_, kdim(g*). The (horizontal) rank of G
is the dimension of the horizontal layer gl!l.

Given g € G, we denote by L,: G — G the left-translation L,(h) =
gh. We identify 7,G with g. An absolutely continuous curve v: [0, 1] —
G is horizontal if for almost every ¢ € [0, 1] its left-trivialized derivative
(L_é))*ﬁ(t) is contained in the horizontal layer gl'!. The length of the

-
horizontal curve 7 is

() = / I(L2) A dt.

where the norm is the one induced by the inner product on gl!. The
sub-Riemannian distance between two points g, h € G is

d(g,h) = inf{l(v) | v: [0,1] — G horizontal,y(0) = g,v(1) = h}.

By construction, this distance is left-invariant.

Carnot groups also admit a one-parameter group of automorphisms,
known as the dilations d,: G — G, A > 0. The associated Lie algebra
automorphisms, also denoted d,: g — g, are the linear maps defined
on each layer of the stratification as

HNX)=MX, Xegh 1<k<s.
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The sub-Riemannian distance is 1-homogeneous with respect to these
dilations, i.e., d(drg, 0xh) = Ad(g, h).

2.2. Left-invariant forms, the Lie algebra differential, and co-
cycles. Let h be a Lie algebra, V' a vector space, and p: /\kb —Va
vector-valued k-form. Here, and in what follows, V' is assumed to be a
finite-dimensional vector space. The Lie algebra differential dop of p is
the vector-valued (k + 1)-form

dOP(Xla s 7Xk’+1)
= Z(-l)ZJr]p([X“X]],Xl, ce ,Xi, R ,Xj, Ce 7Xk+1)7

1<j

where X; means that X; is omitted from the list. We identify /\1 h~b,
so vector valued 1-forms are identified with linear maps h — V. A k-
cocycle is a k-form whose Lie algebra differential vanishes.

When H is a Lie group with Lie algebra , we will identify k-forms
p: /\kb — V' with their left-invariant extensions to differential k-
forms on H. Under this identification, the Lie algebra differential
of p: /\kb — V' coincides with the exterior differential of the left-
invariant differential form. In particular, a 2-cocycle p: /\2 h — V can
be viewed as a vector-valued left-invariant 2-form p € Q?(H; V) whose
exterior differential vanishes.

2.3. Rumin complex. We recall the basic properties of the Rumin
complex introduced in [Rum99]. See [RumO1] or [ET15] for more com-
prehensive presentations.

Let G be a Carnot group, and recall that there exists an inner prod-
uct on g such that the layers gl¥! of the stratification are pairwise or-
thogonal. Fixing a basis and using duality, we obtain an inner product
on k-forms /\k g* for each & > 1. Using the inner product, we may
consider the orthogonal projection 7im(q,) onto im(dy) and the orthog-
onal complement ker(dg)-. We let dy' denote the extension of the
left-inverse of do|xer(ay)- satisfying dy 0 i) = dg -

Let U C G be a domain. The stratification on g induces a grading
by weights also on the differential forms Q*(U), see [FT15] for the
specifics. The relevant basic properties we recall are as follows. The
weight of a horizontal 1-form is one. Representing a non-zero form in
a left-invariant basis of pure weight forms, the weight of the form is
the minimum of the weights of the non-zero terms. For a form of pure
weight w, the Hodge star has weight Q¢ — w. A V-valued form has a
componentwise representation relative to a basis of V', and its weight
is the minimum of the componentwise weights.

The weight preserving component of the de Rham differential d is
the C*(U)-linear extension of the Lie algebra differential dy, which
we also denote by dy. We also extend mripm(g,) and dy' C*(U)-linearly
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from A" g* to all of Q*(U). Consequently, ker(dy), im(dp), and their
orthogonal complements have bases as C*°(U)-modules consisting of
pure weight left-invariant forms. Moreover, the orthogonal projections

to these submodules do not decrease weight.
There is a subcomplex of Q*(U) defined by

E(U) = ker(dy') Nker(dy'd),

with a projection operator 7g: Q*(U) — E(U) such that drg = mgd,
constructed as follows.

Welet D = dy ' (d—dp) and P = Y",.,(—1)*D*. Here the summation
is, in fact, finite, since the operator D strictly increases the weight of
forms, but by nilpotency of g, there is an upper bound on the possible
weights. The projection operator mg is defined by

(1) g = I — Pdy*d — dPdj".
Since each of the operators d, dy*, and P are weight non-decreasing,

so is the projection 7.
Next, we define

Eo(U) = ker(dy) Nker(dy ) € Q*(U)

and let g, : Q*(U) — Ey(U) be the orthogonal projection. The Rumin
differential is the map

(2) de: U (U) = Ep(U), dew = mg,mrpdrg,w,

and the pair (Ey(U),d,.) is the Rumin complex.
By [Rum99, Theorem 1], we have the following result:

Proposition 2.1. The pairs (E(U),d) and (Ey(U),d.) are chain com-
plexes. The projections

e (Ey(U),d.) — (E(U),d)
and

TEy: (E(U),d) = (Ep(U),d.)
are mutually inverse chain maps. Furthermore, the cohomologies of
these chain complexes are isomorphic to the de Rham cohomology.

We recall some further basic properties of the complex Ey and its
projection. Namely, the complex FEj is invariant under the Hodge star
operator, and we have Tg,wAn = WATEN = TrwATE1 for w € QF(U)
and 1 € QY(U) such that w A 7 is top-dimensional, i.e., k + [ = n for
the topological dimension n of U.

On the level of integrals, the projection mg behaves similarly to g,
with respect to the wedge product. Namely, if w € Q¥(U) and 7 €
QL(U) are such that w A 7 is top-dimensional, then

/WEW/\’I]:/UJ/\WEHI/WEW/\WET].
U U U
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We use the notation 9.n = (—1)¥*1d.n (resp. dn = (—1)*1dn) when
7 is a form of degree n — k — 1. Then it holds that

/dcw/\n:/w/\ﬁcn
U U

whenever w € QF(U) and n € Q% 1(U). For details, see [Rum01,
Section 2 and Proposition 2.8].

2.4. Gradings and graded maps. Recall that a grading of a vector
space V' is a direct sum decomposition V' = € i>1 VIl A linear map

L: Vi — V5 between graded vector spaces is graded if L(Vl[k]) C Vg[k}
for k > 1.

A Lie algebra g is graded if it has a grading compatible with the
Lie bracket. That is, [gh!, g*1] ¢ gVt for k,j > 1. A stratification
is a particular case of a grading. Moreover, a graded vector space can
be considered a graded Lie algebra when equipped with the trivial Lie
bracket.

A simply connected Lie group is graded if its Lie algebra is graded.
A Lie group homomorphism L: G; — G5 between graded simply con-
nected Lie groups is graded if the corresponding Lie algebra homomor-
phism L,: gy — go is graded.

2.5. Pansu differential and pullback. Let G; and G4 be two Carnot
groups.

Suppose that f: U; — Gs is a (locally) Lipschitz map on a domain
Uy C Gp. By the Pansu-Rademacher Theorem [Pan89], at almost
every g € Uy, the map f has a Pansu differential

dpf(g) = )\E%L d1/x © L;éq) ofolLyody: Gy — Go,
where the convergence is uniform on compact subsets of G;. The Pansu

differential, whenever it exists, is a graded Lie group homomorphism.
For a point g € U; where the Pansu derivative of f exists, denote

Dpf(g) = (Lyg)s 0 dpf(g). o (Lyt).: T,Gr — Ty G

This leads to a natural adaptation of the usual de Rham pullback by
a smooth map as follows.

Definition 2.2 ([JKMX21a]). The Pansu pullback of a smooth k-form
w € Q(Gy) is the k-form fjw defined by

(fpw)g(Xa, ... Xp) = wr(e)(Dpf(9)Xa, ..., Dpf(g)Xe)
for Xy,..., X, € T,Gy and g € U;.
The Pansu pullback extends for vector-valued forms naturally.

Remark 2.3. If f is a graded homomorphism, then dpf(g) = f every-
where and the Pansu pullback coincides with the classical de Rham
pullback f*.
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3. CENTRAL EXTENSIONS

3.1. Central extension of Lie algebras and Lie groups. In this
subsection, we recall standard facts about central extensions of Lie
algebras and Lie groups.

Definition 3.1. Let h be a Lie algebra and p: /\2h — V a 2-cocycle
with values in a vector space V. Denote the Lie bracket of h by [-, .
The central extension of b by p is a Lie algebra g with a direct sum
decomposition f & V' equipped with the Lie bracket

X +AY+ B, =X, Y]y +pX,Y), X, Yebh, ABeV.

The direct sum decomposition g = h & V' induces a natural inclusion
t«: V — g and a projection 7, : g — h which are Lie algebra homomor-
phisms. The central extension is denoted by V <% g =% .

If G and H are simply connected Lie groups with Lie algebras g
and b, respectively, we also refer to the induced short exact sequence
V 5 G 5 H as a central extension of H by p.

We often suppress the inclusions maps V' — g and §h — g to simplify
notation.

Remark 3.2. Central extensions using a 2-cocycle are, in a sense, the
converse to considering a section of a surjective Lie algebra homomor-
phism 7,: g — b such that ker(w,) is contained in the center of g.
Indeed, as observed, for instance in [dG07, Section 2], if 0: h — g is a
linear section of m,, then the map p: A”>bh — ker(r,) defined by

(3) p(X,Y) = [0(X),0(Y)]y — o([X, Y]y)

is a 2-cocycle. The central extension of f by p is isomorphic to g, with
the isomorphism given by

hoker(m) 3 X +Y —»o(X)+Y €g.

3.2. Central extension of Carnot groups. We mainly work with
central extensions of Carnot groups. The definition of a central exten-
sion needs to be adapted to account for the additional structure. We
do this in two parts — algebraic and metric — as follows.

Definition 3.3. A central extension V = G = H by p is stratified if
the following properties hold.

(i) The Lie algebras h and g are stratified and the vector space V is
graded.

(ii) The inclusion ¢,: V' — g and the projection 7,: g — H are graded
with respect to the gradings from (i).

A stratified central extension V = G = H by p is a central extension
of Carnot groups if the following hold.

(iii) The Lie groups G and H are Carnot groups and V' is an inner
product space.
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(iv) The inclusion ¢,: V' — g is an isometry and m,: g — b is a sub-
metry with respect to the inner product structures from (iii).

A linear map 7, : g — h between inner product spaces is a submetry
if the restriction of 7, to ker(r, )t is an isometry onto b.

The definition of central extension of Carnot groups is motivated by
the following adaptation of Remark to the Carnot setting.

Remark 3.4. Consider Carnot groups GG and H together with a graded
homomorphism n: G — H for which 7,: g — bh is a submetry and
ker(m,) is contained in the center of g.

Equip h@ker(7.) with the direct sum of the inner products on h and
ker(m,). Next, consider the isometric graded section o: h — ker(r,)* C
g of m,: g — b. Then, defining p by , we obtain a central extension
ker(m,) — b @ ker(m,) — b by p, where

hDker(m,) DX +Y = o(X)+Y € ker(n,)" @ker(m,) =g

is a graded isomorphism that is an isometry. In particular, the corre-
sponding central extension of Lie groups by p is a central extension of
Carnot groups.

We observe that the construction of the sub-Riemannian distance
guarantees that 7: G — H is a metric submetry. That is, 7(B(g,r)) =
B(n(g),r) for all balls B(g,r) C G.

3.3. Basic results about central extensions. We start this sub-
section by considering Lie algebra homomorphisms in the context of
central extensions.

Lemma 3.5. Let Vi — g1 — by and Vo — go — by be central exten-
stons by 2-cocycles py and po, respectively. Let L: by — by be a Lie
algebra homomorphism and let p: Vi — Va5 be a linear map.
(i) There exists a Lie algebra homomorphism 1 : g1 — go such that
the diagram

Vi » g1 —— by
¢ lw |x
Va > g2 —— by
commutes if and only if there exists a linear map p: hy — Vo such

that ¢opy — L*ps = dop. When such a p exists, a homomorphism
Y is given by

(1) X +Y) = LX)+ (uX) +e(Y)) ehre Vs =5

for X +Y eh V) =g.
(11) When the central extensions are stratified and ¢ and L are graded,
a graded homomorphism 1 is unique up to a graded linear map
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0: by — Vo with [by,b1] C ker6. In particular, if Ij[;] = 92 , then
the graded homomorphism v is unique.

Proof. The linear maps ¢ for which the diagram in the claim com-
mutes necessarily have the form , where p: by — V5 is a linear map.
We need to check when v is a Lie algebra homomorphism.

It Z,Z' € by & Vi, then

V([Z, Z'g,) = v([71(Z), 71(Z)]g, + pr(mi(Z), m1(Z')))
= L([m(2), m(Z)]y,) + ([ (Z), 71 (Z")]y,)
+ o pi(m(Z),m(Z"))

and

[W(2), P(Z2)]g, = [L(m1(2)), L(m1(Z7))]y, + pa(L(m1(2)), L(m1(Z7))).

Since L is by assumption a Lie algebra homomorphism, the hy compo-
nents of the above expressions agree. Comparing the V5 components
and writing ([, -Jp,) as —dop(-, ), we observe that v is a Lie algebra
homomorphism if and only if —dou + @ o p1 = L*ps.

. Suppose ¥ and 9’ are two graded homomorphisms from . By
, their difference is

BXLY) = W(X,Y) = u(X) = f/(X) € Vi
The difference § = o — p': h; — Vs is a graded linear rnap with dof =

dopt — dop/ = 0, so [h1,h1] C kerf. If, furthermore h[z = 9[21}, then

Vm 0. Then the graded assumption implies [)1 C ker6 and thus
0 = 0, so the graded homomorphism % is unique. U

Given a basis vq,...,v, of V, we may decompose the 2-cocycle
p: N> — V into 2-cocycles p/: A\”h — R such that

pXY) = Y PN, XY e,

We denote p = Z;n:l v;p for brevity.

Within the proofs of our main results, it will be convenient to as-
sume that the cocycles p’ are either pairwise orthogonal in the Ru-
min complex, see Section [2.3] or are contained in the Rumin complex
Ey themselves. For this purpose, we recall a limited form of [dGOT7,
Lemma 3:

Lemma 3.6. Let vy, ..., v, be a basis of V and let V — G — H be a
central extension by a cocycle p = Z] LU /\ h — V. Suppose that

p= ZJ 1U]p7 /\ h — V is another cocycle and w! w™: /\ h—
R are 1-forms for which the equality

span{p’,..., p"} = span{p* +dow’, ..., " + dow™}
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of R-linear spans holds in the space of 2-forms. Then a central ex-
tenston V.— G — H by p is isomorphic to the central extension
V — G — H by p via a commutative diagram

Vv s G s H
lso lw lid
174 s G s H

Proof. By the assumption on spanned subspaces, there exists an in-
vertible matrix A = (a;;) € R™™ such that p' + dow' = Y77, azp’.
Indeed, denote W = span{p',...,p™} and consider the two maps
Ei, Ey: R™ — W defined by Ei(e;) = p' and Es(e;) = p* + dow?, using
the standard basis of R™. Fixing any isomorphism L: ker £y — ker Ej,
there exists an isomorphism A: R™ — R™ with the short exact se-
quence of a pair

0 — ker B, s Rm —Ey
R

=}

b

0 — ker B, m P2y s 0

If we let ¢: V' — V be the linear map whose matrix in the basis

V1,5 U B8 A, we have p o p — p = dow for w =} L v;w’ and the
map

v:ig—g VX4Y)=X+(wX)+e)), Xebh YeV

is a Lie algebra homomorphism by Lemma [3.5 Since ¢ is invertible,
1 is an isomorphism of Lie groups. U

Remark 3.7. In our applications of Lemma the extension V =5 G 5
H will be a central extension of Carnot groups in which case we will
define a Carnot structure on G through the isomorphism ¢: G — G
given by the lemma. More precisely, the Lie algebra g = h @ V has
a projection 7,: g — h. Consider ¢,: V — g and the right-inverse
o: b — 1, (V)! of m,: g — h. Define an inner product and grading
on g for which 7, == Y ow:V — gand 6 = Yoo:h — g are
graded isometries with orthogonal images. Then 7, is a submetry with
ker(7,)* = im(#), and the central extension V — G = H by j is a
central extension of Carnot groups.

The following lemma allows us to generate further central extensions
of Carnot groups from graded linear maps. We use the construction in
Lemma [8.2] as a simplifying tool for the proofs of our main results.

Lemma 3.8. Let Vi — Gy — Hy and Vo — G9 — Hy be central
extensions of Carnot groups by 2-cocycles py and ps, respectively, and
let o: Vi — V5 be a graded linear map. Then p; := @ o py 15 a 2-cocycle
and defines a central extension im(yp) — g1 — by by p1. The central
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extension im(p) — @1 — Hy by p1 is a central extension of Carnot
groups when equipped with the following structure.

(1) The stratification of the Lie algebra is given by @[1]} = F)lj] D
o(V") for j > 1.

(2) The inner product on gy is the direct sum of the inner products
on by and im(p) C go.

Moreover, the map v: G; — G given by
Vg =&V = g1 =h @im(p), (X +Y)=X+p(Y),
1s a surjective graded homomorphism.

Proof. The fact that p; is a 2-cocycle follows from the linearity of .
By Lemma [3.5 the map v, is a Lie algebra homomorphism.

We observe that p;( [11}, [1]]) C Vl[j I which immediately implies that
[gﬁ”,g[ﬂ] = g[f*” for 5 > 1. Thus (1) indeed defines a stratification.
The requirements on the inner products are built-in to (2). The fact
that 1, is graded and surjective is clear. In conclusion, the central
extension im(¢) — Gy — H; by jy is a central extension of Carnot
groups. U

4. ABELIAN FACTORS IN CONTACT LIFTS

In order to simplify later proofs, we show that any abelian Carnot
group factors added by the central extensions are irrelevant for our
existence results for contact lifts.

For this section, we consider central extensions of Carnot groups
Vi - Gy - Hy and Vo, — Gy — Hy and a smooth contact map
f: Uy — Hy from a domain U; C H;. Let W; C Vi be the horizontal
component of the central extension V; — G; — H; so that the ex-
tended Carnot group can decomposed as a direct product of Carnot
groups Gy ~ G, x Wi, where G, = Gy /Wi. We denote similarly on
the codomain the horizontal component W5 C V5 and the quotient

ég == GQ/WQ.

4.1. Elimination of abelian factors from the codomain. On the
codomain, the contact lift condition imposes no restrictions on the
abelian factor.

Lemma 4.1. If there exists a smooth contact lift F: G D m; *(Uy) —
Gs of f, then there also exist a smooth contact lift F: m H(Uy) — Gs
of f and a smooth map h: 7,1 (Uy) — Wa such that F is the pointwise
product F = F-h. Conversely, if F': 77 (Uy) — Gs is a smooth contact
lift of f, then the pointwise product F = F - h is a smooth contact lift
of f for every smooth map h: m*(Uy) — Wy,
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Proof. Since Gs is a direct product of the Carnot groups G and W,
any map F: Gy D 7w ' (Uy) = Go may be written as a pomtvvlse prod-
uct F' = F- h for some maps F: 77 (U;) — Gy and h: 77 (Uy) — Wo.

For a direct product of Carnot groups, the horizontal distribution is
the sum of the horizontal distributions. Hence F' is contact if and only
if both £ and h are contact. Since W, is an abelian Carnot group, the
contact property for h trivially holds, so F' is contact if and only if F
is contact.

Finally, we observe that Wy C V5 C ker my, so myo F' = 79 o F. Hence
F is a lift of f if and only if F is a lift of f. O

4.2. Elimination of abelian factors from the domain. On the do-
main, any abelian factor in a contact lift can be quotiented away when
the central extension on the codomain does not increase horizontal
rank.

Lemma 4.2. If there exists a smooth contact lift F': Gy D w7 {(Uy) —
Gs of f, then ﬁ(gx) :~15(g) for all g € 771 (Uy) and x € Wy, and the
induced quotient map F: Gy D 77 (U,) — Gy is a smooth contact lift
of f. Conversely, if F: #74(U;) — G5 is a smooth contact lift of f,
then composing with the quotient map m: Gy — Gy defines a smooth
contact lift F = F o 7T|7r1—1(U1) of f.

Proof. The converse claim is immediate since the quotient projection
7: G — Gy is contact and the composition of contact maps is contact.

For the other claim, suppose that we have a contact lift F: Gy D
m H(U) — Gy of f. Fix g € 7y (U;) and z € W, and consider the
horizontal line segment

v:[0,1] = 7 {(Uh) € Gh, A(t) =g -tx.

Since F is a contact lift of [, and by construction rank Go = rank H,,
the horizontal curve F oy in G5 is the unique lift of the horizontal curve
f o m o starting from the point F o 4(0). However, the projection
is the constant curve f o o~(t) = f(g), so also the lift F o~ is a
constant curve. Hence

F(gz) = Fovy(1) = F o(0) = F(g).

Consequently, there exists a unique map P Gy D 774 (Uy) — Gy such
that F' = For. ) .

Since the quotient projection 7: Gy — G is surjective, I is a lift of
f. The map F is contact since also the derivative of F factors through
the quotient projection m: G; — G and the horizontal distribution of

theNdirect product G; >~ G x Wj contains the horizontal distribution
of Gl~ O
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5. CONTACT LIFTS VIA PATH LIFTING

This section has three subsections. The first subsection connects
central extensions and horizontal lifts of curves. The second subsection
rephrases the existence of contact lifts in terms of horizontal curves.
The third subsection reformulates the results of the second subsection
in terms of horizontal exactness.

5.1. A potential of an extension cocycle. The subsequent lemma
constructs a potential for a cocycle defining a central extension.

Lemma 5.1. Let V % G 5 H be a central extension of Carnot
groups by p such that rank(G) = rank(H). There ezists a 1-form
a € QYH; V) such that

(i) da = p, and
(ii) if v: [0,1] — G is a horizontal curve starting from v(0) = eg,
then
logg(1(1)) = logy(ror(1) + [ achoV=—g

mory
Proof. The direct sum decomposition of the vector space g = h &V
defines a projection my: g — V. Consider the map x = myolog,: G —
V', which gives the V-component of exponential coordinates in GG. The
projection my can also be viewed as a V-valued 1-form on g. Let
6 € Q' (G; V) be its left-invariant extension. We claim that

(5) de —0 = 1"«

for some 1-form o € QY(H; V), and that this 1-form « has the required
properties.

To see that such a form « exists, it suffices to verify that (dz —
0)(Y) = 0 for any left-invariant vector field Y with Y (eg) € kerm = V.
Since V' is central, we have

loge(exp(X)exp(tY)) = X +tY for any X € g.

Consequently, at any point g = exp(X), we have
d
(dlogg)y(Y(9)) = — loga(gexp(tY))] o = Y.
By the chain rule, we deduce

dx(Y (g)) = d(my ologg)(Y(g)) = mv o dloga(Y(g)) = 0(Y(9)),
proving the required identity (dx — 0)(Y) = 0. Hence defines a
I-form o € Q' (H; V).

Property (fij) for a follows immediately from and the observation
that df = —7*p.
For property , we first observe that

loge(7(1)) = logg(m o y(1)) + x(7(1))
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by the definition of the map x. By , we have dr = 6 4+ 7*«a. Since
7 is horizontal, we have 6(%) = 0 almost everywhere. The initial point
of the curve is the identity, so

£(3(1)) = 2(3(1)) — 2(4(0)) = / do = / wa- | o

proving the claim. U

Remark 5.2. An explicit expression for the 1-form a in Lemma [5.1] can
be calculated from the derivative of the exponential map. The resulting
expression evaluated at a point g = exp(X) € G, for a left-invariant
vector field Y, has the form

ay(Y(g)) = p(X,¢(ad X)Y),

where ¢ is the analytic function ((z) = (—— — %. Here, nilpotency

of ad X allows us to interpret ((ad X) using a finite part of the power
series expansion of (.

For the rest of this section, we fix central extensions of Carnot groups
Vi - G — Hy; and Vo — G5 — Hs by 2-cocycles p; and ps, respec-
tively.

5.2. Preservation of closed horizontal curves. In this subsection,
we connect the existence of contact lifts to a condition on closed hori-
zontal curves.

Given a Carnot group H, a point h € H, and a domain U C H, we
denote by I'rip(h, U) the collection of closed Lipschitz curves v: [0, 1] —
U based at v(0) = h = ~(1).

For a central extension V' — G — H of Carnot groups by a 2-cocycle
p € Q*(H; V), we denote by I'f ;p(h,U) C T'Lip(h,U) the subcollection
which admit a horizontal lift to G that is closed. By Lemma 5.1 and
representing G as a direct product G ~ G x W, where W C V is
the horizontal component of the central extension V' — G — H, the
subcollection can be characterized as

Ifp(h,U)={y €TLp(h,U): /a =0},
5

where o € Q' (H;V) satisfies da = p. Note that the collection is
independent of the specific potential since fv dy = 0 for any closed

curve vy € I'ip(h, U) and any exact 1-form dy € Q'(H; V).

Lemma 5.3. Let Uy C Hy and U; C m Y(U)) € Gy be domainf. A
smooth contact map f: Uy — Hy admits a smooth contact lift F': Uy —
Gs if and only if

(6) (fom) (Tuw(g, 00)) € Te(f(ma(9)), Ha)

for some g € U.
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Proof. If F:~Ul — (9 is a smooth contact lift of f: U; — Hs and
v € I'ip(g, Uy) is a closed horizontal curve based at an arbitrary g €
Uy, then F o~ is a closed horizontal curve in Gy based at F(g) whose
projection to Hy is the closed horizontal curve my 0 Foy = fom oxy
based at f(mi(g)). Thus (6] follows.

For the converse direction, we first observe that by Lemma [4.1] it
suffices to consider the case rank(G>) = rank(H,). Suppose that (6]
holds for some g € U;. We will construct the lift F by a standard
path lifting argument seen, for example, in [CT95, Theorem 5.3]. We
formulate the argument using control theory. We refer the reader to
[ABB20, Section 8] for background on the endpoint map.

Fix a basepoint p € m, *(f(m1(g))). We construct a smooth contact
lift F: U, — Gy of f with F(g) = p. Recall that for every control u €
LA(]0, 1],9[11]), there exists a corresponding trajectory ~,: [0,1] — G4
obtained as the unique solution of the Cauchy problem

Yu(t) = (Lyu@)sul®),  1(0) =g.
This defines the endpoint map
End,: L*([0, 1];9[11]) — Gy, End,(u) = 7,(1),

which by [ABB20), Proposition 8.5] is smooth. We will also consider
the two analogously defined endpoint maps

End (e, ()0 L2([0,1];55) — Ho,
End,: L*([0, 1];9[21]) — Gs.

We have f)[;] = 9[21], so these latter two endpoint maps have the same
domain. We note that Endy s, (4)) = 72 o End,, by construction.

Let W C L?([0,1]; g[ll]) be the open subset of controls whose trajec-
tories satisfy 7,([0,1]) € U;. Since U; is a domain, End,(W) = U;.
The smooth contact map f o m: U; — H, induces a smooth map
(fom)e: W — L2([0,1]; B given by

((F 0 1)ot)(0) = (Lo o) F 071 0 0l0)

We define ¢ := End, o(fom).: W — G2. Assumption @ implies that
the value ®(u) depends only on End,(u) for u € W. Thus there exists
a uniquely defined map F': U, — G, for which F o End,|,, = .

By a perturbation argument, we see that, for any h € U, there exists
a control u € WﬂEndgl(h) such that the differential (d End,),, has full
rank. So, by the implicit function theorem, every h € U; has an open
neighborhood W C U; such that a smooth right inverse U: V — W
of End, exists. Therefore F|;, = ® o ¥ is smooth. It follows that F'

is smooth. Moreover, m 0 F = f om. Indeed, if v: [0,1] — U is
a horizontal curve, then F o~ is a horizontal lift of f o m; o~ by the
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construction, the equality End ¢, 4)) = 72 o End,,, and the assumption
@, and thus the lifting property follows. It also follows that F' is
contact. That is, F' is a smooth contact lift of f. U

5.3. Horizontal exactness. In this subsection, we reformulate the
path lifting result, Lemma [5.3| using horizontal exactness. This leads
to the following definition.

Definition 5.4. Let U be an open set in a Carnot group and V' a vector
space. A 1-form w € QYU;V) is horizontally exact if there exists a
smooth function x: U — V such that the horizontal components of dx
and w are identical.

Proposition 5.5. Let Uy C Hy and Uy C Gy be domains with 7T1(U1) =
Up. Let ay € QY(Hy; Vi) be a potential of py. A smooth contact map
f: Hy D Uy — Hy admits a smooth contact lift F': U — Gy if and
only if (f om)*ay is horizontally exact in U,.

Proof. We consider a direct product G ~ Gy x ViU for rank(Gs) =
rank(Hs). Note that the 2-cocycle py has a potential oy taking values
in (VQM)L = VQ[Q] DD ‘/'2[8] because ps has no \/é[l]—components. Since
two potentials differ by an exact term, it suffices to consider this spe-
cific potential. Using this observation, the claim reduces to the case
rank(Gs) = rank(H,) by Lemmal[d.1] After this reduction, we may also
consider the potential used in Lemma 5.1

Suppose (f omy)* s is horizontally exact in U,. That is, suppose that
there exists a smooth y: Ul — V5 such that the horizontal components
of dy coincide with the horizontal components of (fom;)*as. Whenever
v:[0,1] = U7 is a closed horizontal curve, we deduce that

Oz/dy:/(fom)*agz/ Q.
ol Y fomioy

By Lemma [5.3] f admits a smooth contact lift.
For the converse direction, suppose that F': Uy — G5 is a smooth
contact lift of f.

Let x: Go — V5 be the Vao-component of exponential coordinates on
Gy and let y =x 0 F. By and the lift condition, we have

(7) dy = F*dx = F*0y + F*nyag = F*0s + (f o )%,

where 0y € Q1 (Gq; V) is the left-invariant extension of the projection
g2 — V5; here the projection is understood as a Vi-valued 1-form.
Since F' is contact and rank(Gy) = rank(Hs), F*f, has no horizontal
component. Hence implies that (f o m;)*ay is horizontally exact.
The equivalence follows. O
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6. STRUCTURE OF CONTACT LIFTS

This section has three subsections. The first subsection concerns
the uniqueness of lifts up to left-translations. The second subsection
shows that the lifting problem in simply connected domains is local.
The third subsection shows that a lift is a homomorphism in the fiber
direction of the projection.

In this section, we consider central extensions of Carnot groups V; —
Gy — Hy and V, — G5 — H, by 2-cocycles p; and ps, respectively.

6.1. Uniqueness of lifts. When the codomain central extension pre-
serves horizontal rank, smooth contact lifts are unique up to a left-
translation by an element of V5.

Lemma 6.1. Suppose rank(Hy) = rank(Gs) and let Uy C Hy be a
domain. If F|,Fy: Gy D iy (Uy) = Gy are smooth contact lifts of a
smooth contact map f: Hy D Uy — Hy, then there exists k € V5 such
that F = k‘FQ

Proof. Since rank(H,) = rank(G5), the lift condition mo F; = fom =
o o Fy implies that the horizontal derivatives of the smooth maps Fj
and F, agree everywhere. Since the set U; is open and connected, it
is horizontally path connected, so it follows that F} = kF; for some
constant element k& € (G5. The lift condition further implies that k €
ker my = V5. O

6.2. Lifts in simply connected domains. The lifting problem on
simply connected domains is local in the sense formulated in the sub-
sequent lemmas.

Lemma 6.2. Let Uy C Hy and Ul C Gy be simply connected domains
with 771([71) = U,. Then a smooth contact map f: H D U, — H,
admits a smooth contact lift F: Uy — Gy if and only if it admits a
smooth contact lift F: 7y (Uy) — Go.

Proof. By Proposition , it suffices to check that (f o m)*as is hor-
izontally exact in U; if and only if it is horizontally exact in the full
cylinder 71,1 (U;). Since both domains are simply connected, horizontal
exactness is equivalent to being Rumin closed. The claim follows since
the form (f o m)*aw is invariant under translations by V; and being
Rumin closed is a local property. Il

Lemma 6.3. Let Uy C Hy be a simply connected domain and let
f: H DU — Hy be a smooth contact map. Suppose that, for every
g € Uy, there exists an open neighborhood U, C Uy for which the restric-
tion fly, + Uy — Hy admits a smooth contact lift Fy: m (U,) = Gos.
Then the unrestricted map f: Uy — Hy admits a smooth contact lift
F: W;l(Ul) — GQ.
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Proof. By Lemma[4.1] it suffices to consider the case when rank(H,) =
rank(Gs). Let h = f o 7r1|7r1_1(U1) and let as be a potential for ps.
By our assumption, for every g € Uj, the form h*as is horizontally
exact in the domain 7;'(U,) by Proposition . In particular, the
horizontal projection 7g,h*as is Rumin exact in 7;'(U,), and thus
Rumin closed in 7, }(U;) by a covering argument. Since the Rumin
cohomology is isomorphic to the de Rham one and 7; '(U;) is simply
connected, it follows that mg,h*ay is Rumin exact. Equivalently, A*aq
is horizontally exact. Reapplying Proposition proves that f admits
a lift into 7, H(U). O

Remark 6.4. Lemma [6.3| can also be proved using more classical topo-
logical arguments in the vein of Cech cohomology without invoking
Proposition [5.5] In the subsequent argument, we lose no generality in
assuming that {U,},cy, is a good cover of Uy, i.e. the finite intersec-
tions of {U,}ser, are contractible. It suffices for us that U, N Uy is
connected.

Lemma 4.1 allows us to reduce to the case rank(Hs) = rank(Gs). By
the uniqueness of lifts given in Lemma , if UyNnUy # 0 for some
g,9" € Uy, then there exists an element ¢(g,¢’) € V5 such that F, =
#(g,9)F, on the intersection m; (U, N Uy). Then, for any threefold
intersection U,NU, NUy» # (), we obtain a 1-cocycle type compatibility
condition

(8) ¢(9,9") = 0(9,9') + ¢(g', 9").

Using as definition of ¢(g,g¢”) when ¢(g,¢") and &(¢’, g") are
already defined, we extend ¢ to a map ¢: U; x U; — V; using finite

chains of open sets Uy,. Since U, is simply connected, this extension
is well defined, and by construction satisfies for all ¢g,¢',¢" € Uy.
Then, by fixing a basepoint p € Uy, we may define a map

F: W;1<U1> — G, F(QZ) = ¢(p7 Wl(x))Fm(w)(x)'
Condition implies that F' is a left-translation of Fj, by an element

in V5 in each U, and hence a smooth contact lift of f.

6.3. The fiber component of a lift. When the horizontal ranks on
the codomain side coincide, a smooth contact lift is a homomorphism
in the fiber direction of the projection.

Lemma 6.5. Let Vi, — Gy — H; and Vo, — Gy — Hy be central exten-
sions of Carnot groups such that rank(Gs) = rank(Hs). Let Uy C Hy
be a domain and F: n;*(Uy) — Ga a smooth contact lift of a smooth
contact map f: Uy — Hy. Then there exists a Lie group homomor-
phism ®: Vi — Vi such that F(gk) = F(g)®(k) for all g € 7' (Uy)
and k € V.

Proof. By the lift assumption, we have
m 0 F(gk) = fom(gk) = fom(g) =m0 Fg).
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Thus, for each g € 77 *(U;) and k € V;, there exists some ®(g, k) € V,
such that F(gk) = F(g)®(g, k). We claim that ®(g, k) is constant in
g € 71 (Uy). That is, there is a well defined map ®: V; — V4 such
that ®(g, k) = ®(k) for g € n;7(U1) and k € Vi. By assumption, U; is
connected, so it suffices to prove that g — CiD(g, k) is locally constant
for fixed k € V.

Let B’ be a ball that is compactly contained in 7;*(U;). Let B be
a ball with the same center and half the radius, and let L be an upper
bound for the operator norm of the horizontal differential of F' on B'.
Let B” be a left-translation of B’ by k. Since f o m is invariant under
the action of V;, it holds that L is an upper bound for the operator
norm of the horizontal differential of fom; on B”. Since F' is a contact
lift of f and rank(Gs) = rank(H,), it follows that the operator norm
of the horizontal differential of F' is also bounded by L on B”. Thus F’
is L-Lipschitz on the left-translation of B by k. We tacitly use this in
the subsequent argument.

Let g, h € B. Since the extensions are central, elements of V; com-
mute with elements of GGy, and similarly for V5. By left-invariance of
the distance, we compute that

d(&)(% k)v (i)(h7 k)) =

That is, we have shown that g — ®(g,k) is a Lipschitz map B —
Vo C G5. By the equal rank assumption, V5 does not contain any
horizontal directions. Hence the only possible Lipschitz maps B — V5
are constants. Consequently, g — é(g, k) is locally constant for k € V.

Next, we show that ®&: V; — V5 is a group homomorphism. Let
ki,ko € V1 and let g € Wfl(Ul). Applying the definition of ® with the
pair (g, k1k2) shows

F(glﬁk‘z) = F(Q)Cb(’flkz),

whereas applying the definition with the pairs (gki, k2) and (g, k)
yields

F(gkiks) = F(gk1)®(k2) = F(g)® (k1) P (k2).
Canceling out F(g) implies that ® is a group homomorphism.

Finally, we observe that ®(k) = F(g)"'F(gk) for any g € G; and
k € Vi, so the smoothness of ® follows. O
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7. LIFTS AND THE RUMIN COMPLEX

In this section, we prove Theorem [1.1} Since the Rumin differential
does not commute with the pullback, we need some preliminary results
about the Rumin differential of a 1-form in the context of central ex-
tensions. We recall that for a left-invariant 2-cocycle p, we have that
p € im(dy)* implies p € Ey N E, and p € E, implies p € im(dy)*.

Lemma 7.1. Let V 5 G 5 H be a central extension of Carnot groups
given by a 2-cocycle p € Q*(H; V), and let 0 € QY (G; V) be the left-
invariant 1-form extending the orthogonal projection g =H eV — V.
Let vy, ..., v, be a basis of V' and decompose 6 = Z;n:l v;07 and p =
Z;n:l v;p’. Suppose that p', ..., p™ are all in Eo(H) and are pairwise
orthogonal and that |p’| € {0,1} for 1 < j < m. Let U C H be an
open set. Then every 1-form w € E}(U) satisfies

TpTiw = ' Tpw + Z ((dcw, Py o 7T) 7rEou9j,
=1

where wgy is the orthogonal projection to Eg (7= 1(U)).

Proof. Denote U := 71 (U). By construction of the central extension,
the left-invariant 1-forms of GG are linear combinations of the pullbacks
of left-invariant 1-forms in H and the 1-forms 7. As 7*p = —do¥,
the image of do: Q' (U) — Q2(U) is the C=(U)-module spanned by
7*doQ' (U) and the forms *p', ... 7*p™. Recall that the inner product
in g is such that m,: g — b is a submersion. It follows that for any
w € QYU), the 2-form w A 67 is in im(dp)*.

Any 2-form x € Q*(U) has a representation

K =cm'y+ Z iy N0+ Z ci 0 NG,
i=1 i<j
for some v € Q2(U), v; € QY(U), and ¢, ¢;, ¢;; € C°(U). Since the last
two sums are orthogonal to im(dy), and by assumption the forms p’ are
pairwise orthogonal, the orthogonal projection of k to im(dy) satisfies

(9)  Tim(do)k = Tim(do) (¢T™Y) = T (Tim(do)Y) + Z(CW*% T\t
j=1

For 1-forms, we have E! = ker dy. Denote 67 = 7rE0u9j, forl1 <j <m,
so that we have 67 = dyde#? = dy'(—m*p’). From (9], it follows that

(10)  dy'h = dg"(em™y) = en(dg ™) = D e ((r ) o m) B

Jj=1

Let w € QYU) be a 1-form. To compute mpm*w for the projection
TE given by , we first compute the powers D*w for the operator
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D = dy'(d — dy). Denote ) =0 and
& =AD", )
for 1 <j <mand k> 1. We claim that

m

(11) DFr*w = n*D*w — Z(c;C om)f’ for k> 0.
j=1
The claim clearly holds for £ = 0, so suppose inductively that the
claim has been verified for some k£ > 0. Since 7* commutes with d and
do, and since (d — dg)#? = 0, we have

(d — do)DFr*w = 7*(d — dy) DFw — Z 7 ((d — do)cf) N
j=1
Applying for k = (d — dy) DFm*w gives
D*'rtw = w*DFHw — > (((d — do) DFw, p) o ) 6.
j=1

Since p/ € im(dy)*t, we have
((d — do) D, pf) = {dDVoo, 1) = &5+
and the claim follows.

Next, we consider the operator P = Y_,.(—1)*D*. Using (11]), we
obtain -

(12) Pr*w = 71" Pw + Zm: ((dPw,p’) o) 0.

Since dy! is the zero map for 1-forms, formula simplifies down to
7 = I — Pdy'd for 1-forms. Applying for k = dr*w yields
(13) dytdr*w = 7dytdw =Y ((dw, p?) o ) 67

Jj=1

We apply the operator P to and then use for the form dy'dw.
This implies that

Pdy'dn*w = 7 Pdy'dw + Y ((dPdy dw, o) o ) 67

=3P (o ) o) ).

In the earlier computation for the powers DFr*w, we already saw the
fact that

D (((dw,m o) 5]‘) = d;! <7r*(d — do){dw, p) A 5]‘) —0



LIFTS TO CENTRAL EXTENSIONS 24

which implies that P (((dw, p)om) @) — ({dw, p7) o ) 67. Therefore

Pdy'dr*w = 7" Pdy'dw + Y ({d(Pdy'd — Dw, p) o ) 67
j=1
= 1 Pdy ' dw — Z ((drpw, p’) o ) 07
j=1
We conclude that

TETiw = ' Tpw + Z ((dwEw, Py o 7r) 0.
=1

Recalling p’ € Eg(H), we see that

(drpw, o) = (g drpw, p').

Since drg = mgd, by the definition of the Rumin differential, we
have d.w = Tp,dmpw whenever w € Ej(U), concluding the proof. [

In the following lemma, we apply Lemma [7.1]to horizontal exactness
on simply connected domains.

Lemma 7.2. Let V % G 5 H be a central extension of Carnot groups
by p, and let vq,..., vy be a basis of V' and decompose p = Z] Lvp
Let w € QYU; W) be a 1-form in a simply connected domain U C H
for a finite-dimensional vector space W. Then mw*w is horizontally exact
in mYU) if and only if dw = > e c;mg, in U for some constant
vectors c; € W, 1 <7 <m.

Proof. Consider a basis wy,...,w; for W and denote w = Zé.:l wjw?.
Then w is horizontally exact if and only if each w’ is horizontally exact
for 1 < 5 < [. Hence the general claim follows from the real-valued
case. So we assume W = R from this point onwards.

Consider orthonormal and left-invariant p*, . .., p* spanning the same
subspace as {mg,p', ..., Tg,p™}. In case k <m, let pP =0 for k+1 <

j < m. We denote ﬁ =>" i1 v;p’. Consider the central extension of

Lie groups V' — GLH by p and the Lie group isomorphism from G
to G obtained from Lemma We equip G with a Carnot structure
making the Lie group isomorphlsm an isomorphism of Carnot groups,
cf. Remark [3.7 It follows that 7*w is horizontally exact if and only if
T*w is horizontally exact.

By definition, horizontal exactness means exactness for the Rumin
differential. Since 77!(U) is simply connected, it holds that 7T*w is
horizontally exact if and only if d.7*w = 0. Since 7, T w = T Tg,w as
Tg, is the horizontal projection for 1-forms, it follows that d.7*w = 0
is equivalent to drpm* TE,w = 0.



LIFTS TO CENTRAL EXTENSIONS 25
Consider the functions
¢j = (daw, 7"y, 1<j<m.
Using Lemma [7.1] we find that

(14) dmpm*mpw =T7" <d7TE7TE0w — Z cjﬁj> + Z 7de; N 7TEOM9j.
j=1 j=1
The collection gy é\l, TRy o is linearly independent by the linear

independence of p',. .., p". Combining this with the equality , we
deduce that drpm*mg,w = 0 if and only if

m

(15) AT pTg,w = chﬁj for constants {c;}L,.

=1

Applying 7, to leads to the equivalent equality

(16) dw = Z c;p’  for constants {ei}is,.

j=1
Hence 7*w is horizontally exact if and only if holds. Since the
R-linear spans of {p',...,p"} and {7g,p',..., 7™} are equal, the
claim follows. O

Proof of Theorem[1.1l By Proposition [p.5 the smooth contact map
f: U — Hy admits a contact lift F: #=1(U;) — Gy if and only if
™ f*ay € QY (n~H(Uy); Va) is horizontally exact.

Let vy,...,v, be a basis of V;. Consider the decomposition p; =
>, vjpy of the 2-cocycle p; € Q*(Hy;Vi). By applying Lemma
to 7 f*ay, we find that a contact lift exists if and only if d.f*ap =
Z;n:l c;mg,pq for some constant vectors ¢; € V5, 1 < j < m. Therefore

L:Vy =V, L(vj)=¢;, forj=1,...,m,

defines a linear map for which L o g, p1 = d.f*as. The converse is
immediate as well. O

8. LIFTS AND LIE ALGEBRA COHOMOLOGY

In this section, we prove Theorems [1.2] and [[.4l First, we compare
the Pansu derivatives of a smooth contact map and its lift.

Lemma 8.1. Let Vi — Gy — Hy and Vo — G9 — Hy be central
extensions of Carnot groups, and let Uy C Hy be a domain. Let
F:a7YUy) — Gy be a smooth contact lift of a smooth contact map
f: Uy — Hy. Then there exists a graded linear map p: Vi — Vo such
that, for every h € Uy, there exists a graded Lie group homomorphism
Uy G1 — Go for which the following diagram commutes:
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Vi > (1 y Hy
lﬂ" ld’h lde(h)
‘/2 > G2 > H2

Proof. Consider first the case where rank(Gs) = rank(Hs). In this case,
we may apply Lemma [6.5, and obtain a homomorphism ®: V; — Vj,
such that F(gk) = F(g)®(k) for all g € 7,1 (U;) and k € V;.

Let g € m;'(Uy). Computing the Pansu derivative in a direction
h € Vi, we obtain

drF(g)h = lim 613 (Flg) " Flgoah))
= lim 613 (Fl9) Flg)®(63h))

= lim 41/, (@(M)) — oh.

Since the projections m; and 7y are homomorphisms, we have my o
dpF(g) = dpf(myg) o m. This gives us the commutative diagram

T
‘/1 >Gl 1>Hl

l«p ldpng) ldpf(mg)

B
‘/2 >G2 2>H2

Since ¢ is a graded linear map independent of the point g, the claim is
proved in the equal rank case.

If instead rank(G5) > rank(H,), then, as in Lemma , we may
decompose G as a direct product of Carnot groups Gy ~ G x Wa, with
W, C V, and rank(G,) = rank(Hs), and consider the reduced central
extension Vo /Wy — Gy — Hy and reduced lift F' = 7o F': Y (Uy) —
G,, where m: Gy — G5 is the quotient projection.

By construction rank(Gy) = rank(H,), so we may apply the previous

argument to the reduced lift F'. We obtain the commutative diagram

‘/1 >G1 >H1

l@ ldpﬁ“(g) ldpf(mg)

%/WQ > ég > HQ

[ Lol

7 > Gig y Ho

The composition of ¢: Vi — V4 /W5 and the inclusion Vo/Wy — V5
gives the required graded linear map . U
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Proof of Theorem[1.9. By Lemma[8.1] there exists a graded linear map
v: Vi — V5 and a family of graded homorphisms {uy, }rey, with the
commutative diagram

i > (4 y H,
l‘P lﬂ)h lde(h)
Vs > Gy > Hy

By Lemma (3.5 such a diagram implies that the corresponding Lie
algebra homomorphisms satisfy

(17) pop1—dpf(h) p2 = dopin

for some linear map pp: h1 — Va.
Defining w € Q'(Hy; Va) by w = dy* (¢ o p1 — fip2), the identity
may be restated as

@ op1— fpp2 = dow,
thereby proving the claim. O

Theorem and the following lemma allow us to reduce the exis-
tence of smooth contact lifts to a simpler situation.

Lemma 8.2. Let Vi — Gy — H; and Vo — Gy — Hy be central
extensions of Carnot groups by 2-cocycles p1 and ps, respectively, and
let f: HA D Uy — Hy be a smooth contact map, where Uy is an open
set. Suppose that ¢: Vi — V5 is a graded linear map. Consider the
central extension of Carnot groups im(p) — Gy — Hj by p1 = pop;
and the graded homomorphism v¥: G; — Gh from Lemma . Then,
if f admits a smooth contact lift F: Gy D 77 (Uy) — Go, the map
F=Fo ¢|7r1_1(U1) is a smooth contact lift of f.

The proof is direct from the definitions. We are ready to prove
Theorem [L.4]

Proof of Theorem[1.]. By assumption, fjps = ¢ o p1 + dow for some
w € QYUy; V,) and some graded linear map ¢: Vi — V5. By apply-
ing Lemma [8.2] we may assume that V} C V5 and ¢ is the inclusion
map. We suppress the notation for the inclusion map in the subsequent
argument.

We claim that it suffices to prove that

(18) defpan = T, TEfpp2

for a potential ay of ps.

We reduce to Theorem from by claiming d.f*ay = mg,p1.
First, observe that the left-hand side of can be replaced by d.f*as
because the horizontal components of fpas and f*as coincide.
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We recall that p; = mg,p1 + dop for a left-invariant u € ker(dp)*.
We may also assume that w € ker(dp)*. We denote & = u + w. We
observe that in the identity

fpp2 = mE,p1 + dow,
there cannot be any cancellation on the right-hand side, since Ey, C
(imdy)t. By assumption, the weight of fpp, is at least max{wt(7) :
0 # 7 € E3}, so the same must be true for dow.

On the other hand, we have 7@ = 0 since mp = I — Pdy'd for 1-
forms and P is a left-inverse of d;; 1d|im( a1 by [Rum99, Lemma]. Thus
mepdo = drgo = 0. We may then rewrite

7TEO7TEd0(IJ = —7TEO7TE(d — do)(IJ
By the assumption that @ € (kerdy)t, the weights of @ and dyw
are equal, and thus the weight of (d — do)@ is strictly larger than

max{wt(7) : 0 # 7 € E2}. Since mg,mg does not decrease weights,
we find that 7, mpdow = 0. We obtain

(19) TE,TEfpP2 = TEP1,

showing that once we prove , we may apply Theorem and
to conclude the proof.

For each € € (0,1], let Uy = {g € U;: d(g,H, \ Uy) > ¢}. To prove
, we apply the center of mass mollification f.: U;. — Hs from
[KMX20] to f. The approximation theorem [KMX20, Theorem 1.3]
implies that

(20) ffrAv— fpr Av in LYQ™(UY))
whenever 7 € QF(Hs) and v € Q" *(U,) satisfy
wt(7) + wt(v) > Qp,.

Fix a compactly supported form n € Ej2(U;). To prove (18), it
suffices to prove that

(21) / defpas A= / T, TEfpp2 AN
Uy Ui
Observe that, for mzn € E"~2, since E C ker(dy') and dj is the zero
map on codimension one forms, we have mg,0mgn = Orgn. Expanding
out the Rumin differential d. = mg,drgmg,, this implies that d.n =
Orgn. Let € > 0 be small enough that the support of 7 is contained in
Ui.. Then we have

(22) frag NOn = fZp2 N mEn.

Ul,a Ul,s
This implies that an analogue of holds for the mollification pull-
back fr. We claim that the weight assumption on p, allows us to apply
the approximation result to take the limit as € — 0 and obtain

(21).
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For the left-hand side, we do not need the weight assumption. In-
deed, since any horizontal 1-form has weight 1, all forms in E} have
weight 1; by duality all forms in Ej ' have weight Qz, — 1. Hence

lim frag AN O = / fpas N O = / d.fpas A .
e=0 Ui e Uy Uy

For the right-hand side, we use the weight assumption that wt(ps) >
max{wt(r) : 0 # 7 € E2?}. By duality, for n € E} 2 we have
wt(n) > Qu, — wt(pa). Since mg: Ey — E does not decrease weights,
we conclude that

lim fip2 Nmpn = fz*apz/\WEﬁ:/ TE,TESpp2 A1)
€0 Ui,e Uy U
Thus taking the limit of as € — 0 proves . U

9. LIFTS IN LIPSCHITZ 1-CONNECTED SPACES

In this section, we prove Theorem [1.3] We begin by formulating a
version of Stokes’ theorem for the Pansu pullback.

Lemma 9.1. Let H be a Carnot group and let a,w € QY(H; V). If
w: D — H is Lipschitz with boundary trace v: S* — H, then

(23) Aﬁyﬁwao:Aa

Proof. We have that u}(da + dyw) = u*(da) almost everywhere. In-
deed, up(da) = u*(da) follows from the fact that, in this case, the left-
trivialized differential of u coincides with the Pansu differential when-
ever the Pansu differential exists. The equality u}(da) = uh(da+ dow)
follows from the fact that dy commutes with the Pansu pullback, and
the fact that dy is the zero map in the Euclidean space.

With these observations, Stokes” equation implies

Aazémum.

To see this, we may reduce the claim to exponential coordinates by
recalling that log, ou has a Lipschitz extension to an open neighbour-
hood of D. Then the claimed equality follows, e.g., by considering D as
an integral current [D] with oriented boundary [S'] and using standard
pushforward results for Lipschitz maps, see [Fed69, 4.1.14] or [AK00al,
Section 2]. So follows. O

Proof of Theorem[1.3. By assumption frps = ¢ o p; + dow for some
w € QYUy; V,) and some graded linear map ¢: Vi — V5. By apply-
ing Lemma [8.2] we may assume that V; C V5 and ¢ is the inclusion
map. We suppress the notation for the inclusion map in the subsequent
argument.
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Let h € U; and r > 0 be such that the open ball B(h, %) is con-
tained in U;. Since such balls cover the simply connected open domain
Uy, by Lemmal6.3], it suffices to show that there exists a smooth contact
lift F: 7, (B(h,7)) — Gy of f. Furthermore, by Lemma , it suffices
to show that there exists a smooth contact lift F': U; — G, for any
smaller open subset U; C @y *(B(h,r)) such that 7, (U;) = B(h, ).

Fix a basepoint g € 77 *(h) and let U; = B(g,7) C Gy be the open
ball. We will apply Lemma to prove the existence of a lift, so let
v € T'up(g, Ul) be an arbitrary closed horizontal curve. We write v as
a concatenation v = gy %- - - %0, where each o;: [0,1] — U; has length
(o) < r. We form a new closed horizontal curve 7;: [0,1] — U, by
first joining g to 0;(0) and o;(1) to g by a curve of length < r and
concatenating these curves with o; to form ;. We lose no generality
in assuming that the curve joining o;(1) to g and the curve joining g
to 0j41(0) are inversions of one another. We prove that

/ Qg =
fomioy

for potentials a; and a5 of p; and po, respectivgly. Observe that this
suffices for the claim. Indeed, since v € T'r1p(g, Uy), we have fmov o =

0, implying that condition @ holds. Then Lemma implies that a
smooth contact lift of f exists.

To finish, without loss of generality v =+, and () < 3r. We may

reparametrize it as a 3Z’"—Lips'chitz curve v: St — U;. By the Lipschitz

1-connected assumption, there exists a 3T’\’"—Lipschitz map u: D — Hy,
with boundary trace 7 o 7, satisfying

u(D) C B(h, %) C Uy.
By assumption, fpp2 = p1 + dow. From the chain rule, we obtain that
(f ou)ppa = up(fpp2) = up(p1 + dow)
almost everywhere. Lemma therefore, implies that

/ Qg = /(f @) u)}pg = / U};(pl + d()(x)) = / Q1.
fomioy D D T 07y

The proof is complete. O

m

m
E / Qo = E / aq Z/ Qa1
fomioy; j=1 Y T10%j T107

j=1

10. EXAMPLES

In Examples [10.1}, [10.2}, and [10.4) we discuss connections between
existing literature on contact lifts and our main results. Example [10.3]
shows a simple application of our main results. Examples and
are concrete examples of the lifting problem. Lastly, Remark
reformulates the contact equations in terms of differential forms.

The following example shows that the lifting problem of horizontal
curves can be understood as a special case of our main results.
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Example 10.1. Consider Carnot groups G and H with rank(G) =
rank(H), together with a graded homomorphism 7: G — H for which
T, is a submetry. The existence of lifts of horizontal curves ~: [0, 1] —
H to horizontal curves 7: [0, 1] — G, with w04 = =, can also be viewed
as an application of Theorem [I.1]

Indeed, decomposing the ideal kerm as kerr = VB @ ... @ VI
with V¥ < gl¥ we may consider G as an iterated central exten-
sion of Carnot groups G = G, — G, — --- — Gy = H with
ker(Gp — Gr_1) ~ VI Since d, = 0 for 1-forms on R, the crite-
rion of Theorem trivially holds for each central extension in the
sequence, and we obtain the existence of lifts of horizontal curves.

We next discuss the Lagrangian—Legendrian correspondence.

Example 10.2. Let p € A*(R*")* be the standard symplectic form
p= > dx; Ndy; for z = (z,y) € R*". The central extension R —
G — R by p is isomorphic to the n’th Heisenberg group H,. In
Allcock’s proof of the isoperimetric inequality in H,,, for n > 2, Allcock
lifted isotropic maps f: R? D D — R?*" to contact maps F': D — H, via
a lifting construction similar to Section 5] Here, the isotropic condition
is f5p = 0. It is also called the Lagrangian condition (see e.g. [SWO01]).
Since the Lie algebra differential dj is zero in Euclidean spaces, the
Lagrangian condition is necessary for the existence of a lift F' as above,
recall Theorem [1.2l The fact that it is sufficient follows either from
Theorem or Theorem [I.4. We also note that Magnani extended
Allcock’s construction to the Allcock groups in [Magl0, Theorem 1.3].

If the cocycle defining the central extension on the image side has
large enough weight, the lift condition holds automatically.

Example 10.3. Consider a central extension of Carnot groups Vo —
Gy — Hy by ps with wt(pe) > s+ 2 and a step s-Carnot group Hj.
We claim that if f: H; D U; — Hy is a smooth contact map on a
simply connected domain Uy, then there exists a smooth contact lift
F: U, — Gy of f. We show this as a simple application of Theorem 1.4

We first observe that ker(dy: Q*(U;y) — Q3(Uy)) (resp. E2(U)) has
a left-invariant basis of pure weight elements whose maximal weight
is at most s + 1. To this end, given a 2-cocycle p, the cocycle con-
dition p € ker(dy) implies that if i + 5 > s+ 2, then p( [f],h[lj]) C

).

span p( [1i_1] Ej“] Recursion leads to the conclusion p(b[lﬂ7 [1]]) C

span p(b{, BTy = {0}. The first observation follows. To finish, it
holds that f}p2 = 0 because dy commutes with the Pansu pullback and
the weight of fips is at least s + 2. Consequently, the assumptions of
Theorem apply for the trivial extension {0} — H; — H;. Thus
there exists a smooth contact lift F': U; — G5 of f.

For the following examples, we specialize the discussion to the first
Heisenberg group H; and the higher filiform groups. We recall that
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these groups are not Lipschitz 1-connected (see e.g. [WY14]) and thus
Theorem [1.3] is not applicable.

Example 10.4. Consider the real filiform Carnot group F* of step s.
The corresponding Lie algebra is given by

i = span(X,Y) @ span(Zy) & - - - & span(Z,).

where [X, Y] = Z; and [ X, Zx] = Zj41 are the only non-trivial relations.
Consider the corresponding dual basis X*, Y*, Z3, ..., Z%.

Observe that R — F*+1 5% [ ig a central extension of Carnot groups
by the cocycle p; = X* A Z*. Here F! is isomorphic to R? and F? is
isomorphic to the first Heisenberg group H;. In fact, R — F? B3 R? is
a central extension of Carnot groups by the volume form dx A dy.

Our results can be used to classify all smooth contact maps f: F*® D
U, — F?, for simply connected U;, that lift to a smooth contact map
F: P S n7Y(Uy) — F*F1 Indeed, we claim that it is necessary and
sufficient that

(24) fpps = Aps for some A € R.

Note that the weight of p, (and thus also fjps) is s + 1 while the
maximum weight in the image of dy is s. Hence is necessary (The-
orem and sufficient (Theorem for the existence of a contact
lift F.

When we identify R? and F*, the condition is equivalent to
f having a constant Jacobian determinant, thereby relating to the
results of Capogna—Tang [CT95] and Balogh—Hoefer-Isenegger—Tyson
[BHITO6].

The higher step case has also been considered previously. Indeed,
comparing (24) to [Xiel5, Theorem 1.1] (see also Warhust [War(3])
leads to the following: if s > 3 and f: F* — F* is bi-Lipschitz (and
smooth), it is an iterated lift of a (smooth) bi-Lipschitz map R? — R2.
By the constructions of Koranyi-Reimann [KR85, [KR95], the assump-
tion s > 3 is necessary.

As an example related to Example [10.4, we consider a contact lift
of a planar map to the first Heisenberg group that does not lift to the
higher filiform groups.

Example 10.5. We consider the standard winding map f: U — U
(of degree k > 2) for U = R?\ {0}. Recall that, in polar coordi-
nates, the winding map satisfies (r,t) — (r,kt). More precisely, let
p: (0,00) x R — U and ¢: (0,00) x R — (0,00) x R be the maps
(r,t) +— (rcos(t),rsin(t)) and (r,t) — (r,kt), respectively. Then
fep=pogq
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The map f can be presented locally as the composition pogop~! of
smooth maps and is thus smooth. Further, since

det(Dp) ) = det (Ziﬁg ;ZEISIES)) -

and det(Dq)(y) = k for r > 0 and ¢ € R, it follows that det(Df) = k
in U.

As the first Heisenberg group is a central extension of R? by the
volume form dz Ady, the determinant being constant implies that there
exists a lift, at least locally. In fact, we may define F': 7' (U) — Hj as
F(z,y,2) = (f(x,y), kz) in exponential coordinates. Below we justify
the contact property of F' and that F' does not lift to a contact map
from the filiform group F* into itself, cf. Example [10.4]

In exponential coordinates, a standard left-invariant frame is given

by
Y T
X = 896 — 582«, Y = ay + 563, and ZQ = 02,
where the dual frame is
1
X*=dx, Y'=dy, and Z;=dz— §(xdy — ydx).

In cylindrical coordinates (r,t, z), we have

X* = cos(t)dr — rsin(t)dt,
Y* =sin(t)dr + rcos(t)dt, and

1
Zy =dz — §r2dt.

A direct computation shows that F*Z; = kZ;, so I is contact as
claimed.

The left-trivialized differential of F' is of block diagonal form by the
contact equations and the fact that F*X*(Zy) = 0 = F*Y*(Z3). Then,
if g = (z,y, z) in exponential coordinates, it holds that

(DpF)(ey,)(a,0) = (Dpf)y)(a) + kb, for (a,b) € R* B R,

where we identify R? as a subspace of R® = R? @ R through the linear
map a101 + az0s — a1 X + asY + 0+ Zy for a = (ay, az). Therefore the
equalities

P75 = F*Z5 = k2,
and
Fipy = (FpX*) N (FpZs) = (cos(kt)dr — rsin(kt)kdt) N kZ;

1
= kcos(kt)dr N dz — §r2 cos(kt)kdr A dt — rsin(kt)k*dt A dz
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hold. In contrast,
1
p2 = cos(t)dr A dz — 57“2 cos(t)dr A dt — rsin(t)dt A dz.

By comparing the coefficients of F5ps and py, it follows that no point
xo € U has an open neighbourhood W and A € R such that Fips = Aps
in W. This implies that F' does not admit a contact lift to F'*, even
locally.

We next give an example of a contact lift from a non-simply con-
nected domain that does not extend to the full cylinder.

Example 10.6. For non-simply connected domains U, the argument of
Lemma [6.2] to extend a lift to the entire cylinder 77(U) cannot always
work. For instance, on the annulus A = B(0,2) \ D C R?, consider the
map f: A — R? f(x) = x/|z|, and the Heisenberg group H;. As in
Example , recall that we have a central extension R — H; =5 R2.

In exponential coordinates, the horizontal lift of the curve ¢t —
(rcos(t),rsin(t)) to H, is the spiral ¢ ~— (rcos(t),rsin(t), 37%t) for
r > 0. The spirals above and their vertical translations foliate a do-
main U. More precisely, identify H; with R? through exponential co-
ordinates. Then U is the image of the diffeomorphism

T m

T (1,2) xR x <——,—> — U,

(1,2) 53

where (r,t,s) — (rcost,rsint, 2r’t + s). By construction, m(U) = A.
Consider the map

- 1
(25) F:U—H, FoUV(rt,s)= (cost,sint, 515)

It holds that m o F' = f o m|y and that F is smooth. Using the
notation from Example and the formula for /"o ¥, we obtain that
UH(F*Z3) = (FoW)"Zy = 0. As U is a diffeomorphism, this implies
that F*Z5 = 0 and thus F' is a smooth contact lift of f.

If F would extend to a contact lift of f on 7;'(A), by Lemma ,
there would exist k£ € R such that F(z,y,z+a) = F(x,y,2)+k(0,0,a)
whenever (z,y,z + a), (z,y,2) € U. Such a k does not exist. Indeed,
if r € (1,2), evaluating F' at (r,0,0) and (r,0,s) for 0 # s € (—%, %)
leads to k = 0. Evaluating F at (r,0,0) and (r,0,77r?) leads to a
contradiction with £ = 0. Thus F' does not admit such an extension.

As a final remark, we prove how our methods can be used to rewrite
the contact equations for a contact map.

Remark 10.7. The potential s of the central extension 2-cocycle py
appearing in Theorem and our other results is directly related to
the contact equation. Consider a smooth map f: H D U — G between
Carnot groups, and consider G = G4 as an iterated central extension



LIFTS TO CENTRAL EXTENSIONS 35

of Carnot groups glft!' — Gry1) — G by pry1, starting from the
abelianization Gy = G/[G,G] ~ R".

For each k = 2,...,s, consider exponential coordinates Gj, — gl!! ®
- @ g* and let z;: G, — g be the degree k-component of the
coordinate map. Then, for the cocycle pp € Q*(Gj_1;gl¥)), we may
consider the potential ap € Q'(Gj_1;¢") as in Lemma . That
is, dxyp = 0, + mjoy, where 0y is the left-invariant extension of the
projection g @ - - @ g*! — gi*! and 7,: G}, — Gj_; is the projection.

Denote by 7.: G — Gy the projection map to the quotient Gj, for
k=1,...,s. Then o f: U — Gy is alift of 7,_y0 f: U — Gy_; for
k=2,...,s. Computing as in the proof of Proposition [5.5, we see that

dxzromiof)= (ko [) Ok + (Th—10 f) .

If f is contact, so is each 7, o f. Then, for a horizontal vector Y,
we have (7, 0 f)*0x(Y) = 0 for k = 2,...,s. That is, if we denote
Tr=ar0m: G — gl and &, = 77,y € Q1(G; M), then

(26) d(zro f)(Y)= frar(Y), forevery k=2 ...,sandY € gl
Conversely, if holds for every horizontal vector Y, then
(tho f)*0x(Y) =0, forevery k=2,...,sandY € gl'l.

This precisely means that f maps horizontal vectors to horizontal vec-
tors, i.e., f is contact. Thus is a form of the contact equations.
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